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Introduction

In Finsler geometry all geometric objects depend not only on positional coordi-
nates, as in Riemannian geometry, but also on directional arguments. In Riemannian
geometry there is a canonical linear connection on the manifold M, while in Finsler
geometry there is a corresponding canonical linear connection, due to E. Cartan,
which is not a connection on M but is a connection on 7 (T M), the pullback of
the tangent bundle TM by w : TM — M (the pullback approach). Moreover, in
Riemannian geometry there is one curvature tensor and one torsion tensor associated
with a given linear connection on the manifold M, whereas in Finsler geometry there
are three curvature tensors and five torsion tensors associated with a given linear
connection on 7 (T'M).

Most of the special spaces in Finsler geometry are derived from the fact that
the m-tensor fields (torsions and curvatures) associated with the Cartan connection
satisfy special forms. Consequently, special spaces of Finsler geometry are more
numerous than those of Riemannian geometry. Special Finsler spaces are investigated
locally (using local coordinates) by many authors: M. Matsumoto [16], [18], [15], [14]
and others [6], [19], [8], [7]. On the other hand, the global (or intrinsic, free from
local coordinates) investigation of such spaces is very rare in the literature. Some
considerable contributions in this direction are due to A. Tamim [24], [25].

In the present paper, we provide a global presentation of the theory of special
Finsler manifolds. We introduce and investigate globally many of the most important
and most commonly used special Finsler manifolds: locally Minkowskian, Berwald,
Landesberg, general Landesberg, P-reducible, C-reducible, semi-C-reducible, quasi-
C-reducible, P*-Finsler, C"-recurrent, C’-recurrent, C°-recurrent, S’-recurrent, S°-
recurrent of the second order, Cs-like, S3-like, Sy-like, P,-like, R3-like, P-symmetric,
h-isotropic, of scalar curvature, of constant curvature, of p-scalar curvature, of s-ps-
curvature.

The paper consists of two parts, preceded by a preliminary section (§1), which
provides a brief account of the basic concepts of the pullback approach to Finsler
geometry necessary to this work. For more detail, the reader is referred to [1], [3], [5]
and [24].

In the first part (§2), we introduce the global definitions of the aforementioned
special Finsler manifolds in such a way that, when localized, they yield the usual
local definitions current in the literature (see the appendix). The definitions are
arranged according to the type of the defining property of the special Finsler manifold
concerned.

In the second part (§3), various relationships between the different types of the
considered special Finsler manifolds are found. Many local results, known in the
literature, are proved globally and several new results are obtained. As a by-product
of some of the obtained results, interesting identities and properties concerning the
torsion tensor fields and the curvature tensor fields are deduced, which in turn play
a key role in obtaining other results.

Among the obtained results are: a characterization of Riemannian manifolds, a
characterization of SY-recurrent manifolds, a characterization of P-symmetric
manifolds, a characterization of Berwald manifolds (in certain cases), the equivalence
of Landsberg and general Landsberg manifolds under certain conditions, a classifica-



tion of h-isotropic C”-recurrent manifolds and a presentation of different conditions
under which an Rs-like Finsler manifold becomes a Finsler manifold of s-ps curvature.
The above results are just a non-exhaustive sample of the global results obtained in
this paper.

It should finally be noted that some important results of [8], [9], [11], [13], [19],
[20],...,etc. (obtained in local coordinates) are immediately derived from the obtained
global results (when localized).

Although our investigation is entirely global, we conclude the paper with an ap-
pendix presenting a local counterpart of our global approach and the local definitions
of the special Finsler spaces considered. This is done to facilitate comparison and to
make the paper more self-contained.

1. Notation and Preliminaries

In this section, we give a brief account of the basic concepts of the pullback
formalism of Finsler geometry necessary for this work. For more details refer to [1], [3],
[5] and [24]. We make the general assumption that all geometric objects we consider
are of class C'°. The following notations will be used throughout this paper:

M: a real differentiable manifold of finite dimension n and of class C*°,
§(M): the R-algebra of differentiable functions on M,

X(M): the F(M)-module of vector fields on M,

iy 2 T'M —— M: the tangent bundle of M,

m:TM — M: the subbundle of nonzero vectors tangent to M,

V(TM): the vertical subbundle of the bundle TTM,

P:7 Y (TM) — TM : the pullback of the tangent bundle T'M by ,

P* 771 (T*M) — TM : the pullback of the cotangent bundle T*M by 7,
X(m(M)): the F(TM)-module of differentiable sections of 7=*(T'M).

Elements of X (7w (M)) will be called 7-vector fields and will be denoted by barred
letters X. Tensor fields on 7—1(T'M) will be called m-tensor fields. The fundamental
m-vector field is the m-vector field 77 defined by 7(u) = (u,u) for all w € TM. The
lift to 7=5(T'M) of a vector field X on M is the m-vector field X defined by X (u) =
(u, X (7(u))). The lift to 7=1(T'M) of a 1-form w on M is the n-form @ defined by
w(u) = (u, w(m(u))).

The tangent bundle T(7 M) is related to the pullback bundle 7=(7'M) by the
short exact sequence

0 — 7 Y(TM) L T(TM) 2> 7=4TM) — 0,

where the bundle morphisms p and « are defined respectively by p = (77, dm) and
v(u,v) = ju(v), where j, is the natural isomorphism j, : Ty, )M — Tu(Tx,,w)M).
Let V be a linear connection (or simply a connection) in the pullback bundle

7Y (TM). We associate to V the map
K:TTM — 7 YTM) : X —— V7,

called the connection (or the deflection) map of V. A tangent vector X € T,,(7T M)
is said to be horizontal if K(X) =0 . The vector space H,(TM) ={X € T,(TM) :
K(X) = 0} of the horizontal vectors at w € T M is called the horizontal space to M



at v . The connection V is said to be regular if
T, (TM)=V,(TM)®d H,(TM) Yu e TM.
If M is endowed with a regular connection, then the vector bundle maps

v Y (TM) — V(TM),
placran - H(TM) — 7~ Y(TM),
K|y : V(TM) — 7 (T M)

are vector bundle isomorphisms. Let us denote 3 = (p|g(za)) ", then

’ldH(']'M) on H(TM)

poﬁ = idwfl(TM)u 50,0 = { 0 on V(TM) (11)

1 2
For a regular connection V we define two covariant derivatives ¥V and V as follows:
For every vector (1)m-form A, we have
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(V A)(0X,0Y) := (Vaox A) (oY), (V A)(0X,0Y) := (Vagx A)(0Y).

The classical torsion tensor T of the connection V is defined by
T(X,Y)=VxpY —VypX —pX,Y] VXY € X(TM).

The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors, denoted respectively by @
and T, are defined by

Q(X.Y) = T(AXFY), T(X,Y) = T(/X.0Y) VX,V € X(n(M)).
The classical curvature tensor K of the connection V is defined by

K(X, Y)pZ =—-VxVypZ +VyVxpZ + V[X,y}pZ VXY, Z € %(TM)

The horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors, denoted respec-
tively by R, P and S, are defined by

R(X,Y)oZ =K(BXpY)oZ, P(X,Y)oZ=K(BX,1Y)eZ, S(X,Y)oZ =KX Y)oZ.

We also have the (v)h-, (v)hv- and (v)v-torsion tensors, denoted respectively by R,
P and S, defined by

o~ ~ o~

R(X,Y)=R(X.,Y)on, P(X,Y)=PX,Y)en SX,Y)=S5X,Y)am.

Theorem 1.1. [25] Let (M, L) be a Finsler manifold. There exists a unique reqular
connection V in 7~ (T M) such that

(a) V is metric: Vg =0,
(b) The horizontal torsion of V vanishes: @ =0,

(c) The mized torsion T of V satisfies g(T(X,Y),Z) = g(T(X,Z),Y).



Such a connection is called the Cartan connection associated to the Finsler man-
ifold (M, L).

_ One can show that the torsion T of the Cartan connection has the property that
T(X,7) =0 for all X € X(7(M)) and associated to T we have:

Definition 1.2. [25] Let V be the Cartan connection associated to (M,L). The
torsion tensor field T of the connection V induces a mw-tensor field of type (0,3),
called the Cartan tensor and denoted again T, defined by:

T(X,Y,Z)=g(T(X,Y),Z), foral X,Y,ZecX(TM).
It also induces a w-form C, called the contracted torsion, defined by:
C(X)=Tr{Y — T(X,Y)}, foral X e€X(TM).

Definition 1.3. [25] With respect to the Cartan connection V associated to (M, L),
we have

— The horizontal and vertical Ricci tensors Rich and Ric¥ are defined respectively by:

Ric"(X)Y) :=Tr{Z — R(X,Z2)Y}, foral X,Y € X(TM),
Ric"(X,)Y) :=Tr{Z v+ S(X,2)Y}, forall X,Y € X(TM).

— The horizontal and vertical Ricci maps Rich and Ricy are defined respectively by:
g(Rich(X),Y) := Ric"(X,Y), forall X,Y € X(TM),
g(Ricy(X),Y) := Ric"(X,Y), forall X,Y € X(TM).

— The horizontal and vertical scalar curvatures Sc* , Sc” are defined respectively by:

Sc = Tr(Rich), Sc” = Tr(Ricy),
where R and S are respectively the horizontal and vertical curvature tensors of V.

Proposition 1.4. [12] Let (M, L) be a Finsler manifold. The vector field G deter-
mined by 1) = —dFE is a spray, called the canonical spray associated to the energy
E, where E = %LQ and ) = dd;FE.

One can show, in this case, that G = [Fon, and G is thus horizontal with respect
to the Cartan connection V.

Theorem 1.5. [26] Let (M, L) be a Finsler manifold. There exists a unique reqular
connection D in m= (T M) such that

(a) D is torsion free,
(b) The canonical spray G = [on is horizontal with respect to D,
(c) The (v)h-torsion tensor P of D vanishes.

Such a connection is called the Berwald connection associated to the Finsler
manifold (M, L).



2. Special Finsler spaces

In this section, we introduce the global definitions of the most important and
commonly used special Finsler spaces in such a way that, when localized, they yield
the usual local definitions existing in the literature (see the Appendix). Here we
simply set the definitions, postponing investigation of the mutual relationships be-
tween these special Finsler spaces to the next section. The definitions are arranged
according to the type of defining property of the special Finsler space concerned.

Throughout the paper, g, g, V and D denote respectively the Finsler metric in
7~ Y(TM), the induced metric in 7~ (T M), the Cartan connection and the Berwald
connection associated to a given Finsler manifold (M, L). Also, T' denotes the torsion
tensor of the Cartan connection (or the Cartan tensor) and R, P and S denote
respectively the horizontal curvature, the mixed curvature and the vertical curvature
of the Cartan connection.

Definition 2.1. A Finsler manifold (M, L) is:

(a) Riemannian if the metric tensor g(x,y) is independent of y or, equivalently, if

T(X,Y)=0, foral X,Y € X(r(M)).

(b) locally Minkowskian if the metric tensor g(x,y) is independent of x or, equiva-
lently, iof
VexT =0 and R=0.

Definition 2.2. A Finsler manifold (M, L) is said to be:
(a) Berwald [24] if the torsion tensor T' is horizontally parallel. That is,

(b) C"-recurrent if the torsion tensor T satisfies the condition
where A\, is a m-form of order one.
(c) P*-Finsler manifold if the w-tensor field Vg5 T is expressed in the form

where \(z,y) = 809 — sVa00o0) 4 02 = §(C,C) = C(C) # 0; T

being the m-vector field defined by g(C, X) = C(X).

Definition 2.3. A Finsler manifold (M, L) is said to be:

(a) C-recurrent if the torsion tensor T satisfies the condition

(VxT)(Y,Z) = MX)T (Y, Z).

(b) C°-recurrent if the torsion tensor T satisfies the condition

(DxT)(Y,Z) = M(X)T (Y, Z).



Definition 2.4. [25] A Finsler manifold (M, L) is said to be:
(a) semi-C-reducible if dimM > 3 and the Cartan tensor T' has the form
T(X.Y.2) =L {h(X.Y)C(Z) + Y, Z)C(X) + Z X)O(TV)}+
T

+ L oX)C)o2),

where p and T are scalar functions satisfying p+7 =1, h=g9—{®{ and U(X) =
L™'g(X,7).
(b) C-reducible if dimM > 3 and the Cartan tensor T has the form

T(X,Y,7) =

- 1 (WX, Y)C(Z) + 1Y, Z)0(X) + h(Z,X)C(Y))}.

(c) Cy-like if dimM > 2 and the Cartan tensor T has the form

T(X,Y,Z)= EC(Y)C(_)C@).

Definition 2.5. A Finsler manifold (M, L), where dimM > 3, is said to be quasi-C'-
reducible if the Cartan tensor T is written as:

T(X,Y,Z)=AX,Y)C(Z)+ A(Y,Z)C(X) + A(Z,X)C(Y),
where A is a symmetric indicatory (2) w-form (A(X,7) = 0 for all X).
Definition 2.6. [25] A Finsler manifold (M, L) is said to be:

(a) 53 like if dim(M) > 4 and the vertical curvature tensor S(X,Y,Z, W)
=g(S(X,Y)Z,W) has the form:

Sc?
(n—=1)(n—-2)

(b) Sy-like if dim(M) > 5 and the vertical curvature tensor S(X,Y,Z, W) has the
form:

S(X,V,Z,7) =

S(X,V, 7, W) =h(X
h

1
where F is the (2)m-form defined by F = m{Ricv -
Definition 2.7. A Finsler manifold (M, L) is said to be:
(a) SY-recurrent if the v-curvature tensor S satisfies the condition
where X is a w-form of order one.
(b) SU-recurrent of the second order if the v-curvature tensor S satisfies the condition
2 2 o o
(VV S)(0Y,0X, 2, W,U) =O(X,Y)S(Z, W)U,

where © is a w-form of order two.



Definition 2.8. [24] A Finsler manifold (M, L) is said to be:

(a) a Landsberg manifold if

A~

P(X,Y)=PX,Y)1=0VX,Y € X(n(M)), or equivalently VT = 0.

(b) a general Landsberg manifold if

Tr{Y — P(X,Y)} =0 VX, € X(n(M)), or equivalently Vs C = 0.

Definition 2.9. A Finsler manifold (M, L) is said to be P-symmetric if the mized
curvature tensor P satisfies

P(X,Y)Z =P(Y,X)Z, V¥V 6X,0Y,6Z € X(x(M)).

Definition 2.10. A Finsler manifold (M, L), where dimM > 3, is said to be Ps-like
if the mized curvature tensor P has the form:

P(X,Y,Z,0W) = (Z)T(X,Y,0W) — (W) T(X, 0Y, Z),
where o is a (1) m-form (positively homogeneous of degree 0).

Definition 2.11. [25] A Finsler manifold (M, L), where dimM > 3, is said to be
P-reducible if the w-tensor field P(X,Y,7) = g(P(X,Y)7,Z) can be expressed in
the form:

P(X,Y,Z2)=8(X)WY,Z)+6(Y)W(Z,X) + 0(Z)h(X,Y),
where ¢ is a (1) w-form satisfying 6(on) = 0.

Definition 2.12. [2] A Finsler manifold (M, L), where dimM > 3, is said to be
h-isotropic if there exists a scalar k, such that the horizontal curvature tensor R has
the form

RIX,VZ =k {g(Y,2)X — g(X,Z)Y}.

Definition 2.13. [2] A Finsler manifold (M, L), where dimM > 3, is said to be:

(a) of scalar curvature if there exists a scalar function k : TM — R such that
the horizontal curvature tensor R(X,Y, Z, W) = g(R(X,Y)Z, W) satisfies the
relation

R, X,7,Y) =kL*A(X,Y).
(b) of constant curvature if the function k in (a) is constant.

Definition 2.14. A Finsler manifold (M, L) is said to be Rz-like if dimM > 4 and
the horizontal curvature tensor R(X,Y ,Z W) is expressed in the form

where F is the (2)r-form defined by F = - {Ric" — 2‘?::‘{) }.




3. Relationships between different types of special
Finsler spaces

This section is devoted to global investigation of some mutual relationships
between the special Finsler spaces introduced in the preceding section. Some conse-
quences are also drawn from these relationships.

We start with some immediate consequences from the definitions:
a) A Locally Minkowskian manifold is a Berwald manifold.

b) A Berwald manifold is a Landsberg manifold.

¢) A Landsberg manifold is a general Landsberg manifold.

d) A Berwald manifold is C"-recurrent (resp. P*-Finsler).

e) A P*-manifold is a Landsberg manifold.

f) A C-reducible (resp. Cy-like) manifold is semi-C-reducible.

g) A semi-C-reducible manifold is quasi-C-reducible.

h) A Finsler manifold of constant curvature is of scalar curvature.

(
(
(
(
(
(
(
(

The following two lemmas are useful for subsequent use.
Lemma 3.1. [25] For every 0 X,0Y € X(w(M)), we have:

(a) P(on, 0 X)oY =0, (b) P(sX,0n)0Y =0, (c) P(eX,0Y)on = (Ve T)(0X,0Y).
Lemma 3.2. If ¢ is the vector w-form defined by
¢(6X) == 06X — L YU(sX)on, or ¢:=1— L U@, (3.1)
where { is the m-form given by ((X) = L=*g(X,7), then we have:
(a) h(eX,0Y) = g(¢(0X),0Y), (b) é(on) =0, (c) pod =9,
(d) Tr(¢) =n—1, (€) Vox ¢ =0, (f) Vasx h = 0.

As we have seen, a Landsberg manifold is general Landsberg. The converse is
not true. Nevertheless, we have

Proposition 3.3. A C-reducible general Landsberg manifold (M, L) is a Landsberg
manifold.

Proof. Since (M, L) is a C-reducible manifold, then, by Definition [Z4] Lemma B.2]
the symmetry of A and the non-degeneracy of g, we get

T(0X,07) = ——{h(oX,0¥)oC + C(0X)6(0Y) + CloY )o(0X)},

where ¢C'is the m-vector field defined by ¢g(¢C, 09X ) := C(¢X). Taking the h-covariant
derivative V,z of both sides of the above equation, we obtain

(V32 T)0X,0Y) = ——{(Vuz )(0X, 0 )oC + 0X 0¥V, 0C + C(0X) (V2 6) oY) +
V32 C)(0X)0(0Y) + C0Y)(Vsz 6)(0X) + (T C)0Y 60X}

from which, by setting ¢Z = ¢n and taking into account the fact that Vg,z h = 0 and
that Vgsz ¢ = 0 ( Lemma B2)), we get

(900 T)(0X,0) = o ((0X,0 )V iy 9C-+(V oy C)(5X)6(0Y 1+ (V iy C) 01 )00 ).

[0}



Now, under the given assumption that the (M, L) is a general Landsberg manifold,
then Vg, C' = 0 (Definition 2.8) and hence Vg, 6C' = 0. Hence Vg, T = 0 and the
result follows. [J

Also, a Berwald manifold is Landsberg. The converse is by no means true,
although we have no counter-examples. Finding a Landsberg manifold which is not
Berwald is still an open problem. Nevertheless, we have

Proposition 3.4. [25] A C-reducible Landsberg manifold (M,L) is a Berwald
manifold.

Combining the above two Propositions, we obtain the more powerful result :

Proposition 3.5. A C-reducible general Landsberg manifold (M, L) is a Berwald
manifold.

Summing up, we get:

Theorem 3.6. Let (M, L) be a C-reducible Finsler manifold. The following assertion
are equivalent:

(a) (M, L) is a Berwald manifold.
(b) (M, L) is a Landsberg manifold.
(c) (M, L) is a general Landsberg manifold.

We retrieve here a result of Matsumuoto [15], namely

Corollary 3.7. If the h-curvature tensor R and hv-curvature tensor P of a C-
reducible manifold vanish, then the manifold is Locally Minkowskian.

Remark 3.8. [I5] It may be conjectured that a Finsler manifold will be Minkowskian
if the h-curvature tensor R and hv-curvature tensor P vanish. As above seen the
conjecture is verified already under somewhat strong condition “C-reducibility”.

Theorem 3.9. Let (M, L) be a Finsler manifold. Then we have:
(a) A C-reducible manifold is P-reducible.
(b) A P-reducible general Landsberg manifold is Landsbery.

Proof.
(a) Since (M, L) is C-reducible, then by Definition 2.4 we have

1
T(QXu va @Z) = H—HGQX,QY,QZ{h(@Xv @Y)C(@Z)}

Applying the h-covariant derivative Vg, on both sides of the above equation, taking
into account the fact that (Vgew 1) (06X, 0Y,02) = g((Vgew T)(0X,0Y),0Z) and that
Vigew b = 0, we obtain

SV T)(0X,0),02) = ——Bx v l0X, 0¥ ) (Vs C)(02)},

From which, by setting ¢\ = ¢n and noting that P(0.X,¢Y )on = (Ve 1) (20X, 6Y),
the result follows.
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(b) Since (M, L) is a P-reducible manifold, then by Definition 2.I1] taking into
account the fact that g is nondegenerate, we obtain

P(oX,0Y)on = §(6X)p(aY) + d(0Y)p(0X) + oh(0X,0Y) ¢(, (3.2)

where ¢( is the m-vector field defined by g(o(¢,0X) := d(0X).
Since 0(gn) = 0, then Tr{eY —— 6(aY)d(6X) + h(sX,0Y)0(} = 26(0X). Taking
the trace of both sides of (B.2)), using the fact that P(0.X,0Y)on = (Vg 1) (20X, 6Y)
(Lemma [B.1)) and that Tr{oY +— (Vg T)(0X,0Y)} = (Ve C)(0X), we get

1
n+1
Now, from Equations (3.2) and (3.3)), we have

i(oX) = (Ve C)(0X). (3.3)

9(P(0X, 07 )on,07) = — —Guxarss{hoX, V) (Vo C)(02)}. (34

According to the given assumption that the manifold is general Landsberg, then
Vgen C = 0. Therefore, from ([B4), we get P(0X,0Y )on = 0 and hence the manifold
is Landsberg. [

Proposition 3.10.

(a) A C"-recurrent manifold is a P*-Finsler manifold.

(b) A general Landsberg P*-Finsler manifold is a Landsberg manifold.

Proof. The proof is straightforward and we omit it. [

Proposition 3.11. A Cy-like Finsler manifold is a Berwald manifold if, and only if,
the mw-tensor field C' is horizontally parallel.

Proof. Let (M, L) be Cy-like. Then, T(¢X,0Y,07) = mC(QX)C(@Y)C(QZ),
from which T'(¢X,0Y) = mC’ (06X )C(pY )pC. Taking the h-covariant derivative of
both sides, we get

_VQQZC(@C)
C4
1

‘l‘m (Vﬁazc) (@Y)C((Z)X)Q)C +

C(0X)C (oY )aC + L(Vﬁng)(@X)C(QsY)@C +

(VozT)(0X,0Y) = C(oC)

1

In view of this relation, Vg,z T' = 0 if, and only if, Vg, C' = 0. Hence the result. [
Corollary 3.12. A Cy-like general Landsberg manifold is a Landsberg manifold.

In view of the above Theorems, we have:

Corollary 3.13. The two notions of being Landsberg and general Landsberg coincide
in the case of C-reducibility, P-reducibility, Cs-likeness or P*-Finsler.

As we know, a C-reducible Landsberg manifold is a Berwald manifold (Proposi-
tion B4 ). Moreover, A Cy-like Finsler manifold is a Berwald manifold if, and only
if, the m-tensor field C' is horizontally parallel (Proposition B.I1). We shall try to
generalize these results to the case of semi-C-reduciblity.
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Theorem 3.14. A semi-C'-reducible Finsler manifold is a Berwald manifold if, and
only if, the characteristic scalar p and the m-tensor field C are horizontally parallel.

Proof. Firstly, if (M, L) is semi-C-reducible, then
T(0X,0Y,02) = L= Gox ooz {h(0X.0Y)C(02)) +

-
C(gX)C(gY)C(02).

Ciag CEX)CY )Cl02)

Taking the h-covariant derlvatlve of both sides, noting that Vg,xh = 0, we get

(Vi T)0X,0,07) = — oz {h(0X, 0¥ {u(VauwC)(07) + (Vi) C(0Z)} } +
+C—6¢X ov0z{(Vaow C)(0X)C(0Y)C(02)} —
{VQQW 7 T VQQV[/C(QC)
o4
Now, if the characteristic scalar 1 and the m-tensor field C' are horizontally par-
allel, then Vg1 = 0 and (M, L) is a Berwald manifold.
Conversely, if (M, L) is a Berwald manifold, then V,xT = 0 and hence Vg,xC =
0, VguxoC = 0. These, together with the above equation, give

(6 X)C(0Y)C(02).

Vow il ——=6yx sv,02{ (06X, 0Y)C(6Z)} — —C(@X)C(Q’Y)C(@Z)} =0,

n+ 1
which implies immediately that Vgawp =0. U

The following lemmas are useful for subsequent use
Lemma 3.15. For all X Y € X(n(M)), we have:
(a) WX, 7Y]=7(V,xY = V.¢X)

(b) VX, 8Y] = —(P(Y, X)7+ Vg X) + (V. xY - T(X,Y))

(c) [BX,BY]=~v(R(X.Y)n) + B(V,xY — Vi X)

Lemma 3.16. For all 0X,0Y,0Z,0W € X(n(M)) and W € X(T M), we have:

(b) g(S(eX,0Y)oZ,0W) = —g(S(0X,0Y)oW,0Z2).

Proof.
(a) From the definition of the covariant derivative, we get
g(VwT)(0X,0Y),07) = g(VwT(0X,0Y),0Z) — g(T(VwoX,0Y),0Z)— (3.5)
—g(T (X, VwoY),0Z).
Now, we have
g(VwT(0X,0Y),0Z) =W - g(T(0X,0Y),0Z) — g(T(0X,0Y), ViwoZ)
=W-g(T(0X,0Y),02) = g(T(0X, VwoZ),0Y),
Similarly,
9(T(0X,VwoY),0Z) =W - g(T(06X,0Z),0Y) — g(VwT(0X,0Z),0Y).
Substituting these two equations into ([8.3), noting the property that ¢(T(VwoX, oY), 07)
=g(T'(VweX,07),0Y) (cf. §1), the result follows.
(b) follows directly from the general formula (which can be easily proved)
g(K(X,Y)oZ, W) + g(K(X,Y)sW,0Z) = 0
by setting X = v9X and Y = y9Y, where K is the classical curvature tensor of the
Cartan connection as a linear connection in the pull-back bundle (cf. §1). O
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Proposition 3.17. Let (M, L) be a C"-recurrent Finsler manifold (V goxT = Xo(8X)T).
Then, we have:

(a) If K, := X\,(on) = 0, then the hv-curvature tensor P is expressed in the form:
P(oX,0Y,0Z,0W) = A(0Z)T (60X, 0Y, 0W) — Ao (6W)T'(0.X, 0Y,07)
and the (v)hv-torsion P vanishes.

(b) If K, # 0, then the v(hv)-torsion tensor P is recurrent:
(VaozP)(0X,0Y) = (Ao(0Z) + “5252) P(0X, 0Y ).

Proof.
(a) The hv-curvature tensor P can be written in the form [25]:

P(oX,0Y,0Z,0W) = g((VpezT)(0X,0Y),0W) — g(Vpew T)(0X,0Y ), 02)+

~ ~

+9(T(6X,072), P(6W,0Y)) — g(T(0.X, W), P(6Z,0Y)).

Then, by using P(¢X,0Y) = (VonT)(0X,0Y) (Lemma B) and the C"-recurrence
condition, we get

P(oX,0Y,0Z,6W) = X\(02)T (06X, 0Y, 0W) — \o(6W)T (60X, 0Y, 6 7)—
(o {g(T(0X,0W), T(0Y,02)) — g(T(6X,07), T(sY,sW))}
= M(02)T (06X, 0Y, 0W) — Xo(6W)T (60X, 0Y,02) — \o(91)S(0X,0Y,0Z,06W).

Now, if A\,(¢n) = 0, then (a) follows from the above relation.
(b) If K, := Xo(9m) # 0, then by Lemma [B.1] and the recurrence condition, we have

~

P(oX,0Y) = K,T(0X,0Y),
from which
(Vaor P)(0X,0Y) = {V 50Ky + K Mo(02)}T(0X, 0Y).
Then, (b) follows from the above two equations. [

Theorem 3.18. Assume that (M, L) is C"-recurrent. Then, the v-curvature tensor S
is recurrent with respect to the h-covariant differentiation: Vg,xS = 0(0X)S, where
0 is a w-form of order one.
Proof. One can easily show that: For all XY, 7 € X(7 M),

SxvAKX, Y)pZ +VxT(Y,Z)+ T(X,[Y,Z])} = 0.
Setting X = v6X, Y =~v¢Y and Z = g7 in the above equation, we get

S(0X,0Y)0Z = VoyT(6X,02) — V. uxT(8Y,07) — Vi, T (76X, 7067) —
—T(v0X, [voY, B0 Z]) + T(voY, [v0X, BoZ]) + T([yoX,v0Y], BoZ).

Using Lemma and the fact that T(y0X,v6Z) = 0, the above equation reduces
to
S(0X,0Y)0Z = (VieyT)(0X,0Z) — (ViuxT)(0Y,6Z)+ (3.6)
+T(0X,T(0Y,02)) = T(0Y, T(0X,07)).
From which, since g(T(0X,0Y),07) = g(T(6X,0Z),0Y), we have
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9(S(0X,0Y)0Z,6W) = g((V,oyT)(0X,062),0W) — g((V4oxT)(0Y,0Z), sW )+
+9(T(0X,6W), T(0Y,072)) — g(T(aY, W), T(6X,02)).
Similarly,

9(S(0X,0Y)oW,0Z) = g((Vaoy T)(0X,0W),02) — g((V1oxT)(0Y,0W), 0Z)+
+9(T(6X,02), T(0Y,0W)) — g(T(0Y,02), T (06X, 0W)).
The above two equations, together with Lemma [3.16] yield

9(VyuxT)(0Y,0Z),0W) = g(Vyay T)(0X,02), 0W). (3.7)

By (:6) and (31), we obtain
S(eX,0Y,0Z,0W) = g(T(0X,sW), T(6Y,02)) — g(T(sY,sW),T(6X,072)). (3.8)
Now, using the given assumption that the manifold is C”-recurrent, Equation
(B8) implies that
(Vox S)(0Y, 02,0V, 0W) = Vgox S(0Y, 0Z, 0V, o W) —
—S(Vox0Y,0Z,0V,0W) — S(0Y, Vox0Z, 0V, oW) —
—S(0Y, 02,V gsx0V,0W) — S(aY, 02,0V, Vgsx0W).
= +Vsoxg(T(0Y,0W), T(02,0V)) = Vaoxg(T(0Z,0W), T(0Y,0V)) —
—g(T(VexoY, oW ), T(0Z,0V)) + g(T(6Z,0W ), T(V gox0Y,0V)) —
—9(T (oY, 0W), T(Vpox0Z,0V)) + g(T(Vpox 02, 0W), T (oY, 0V)) —
—9(T (oY, 0W), T(0Z,Vgox0V)) + g(T(0Z,0W ), T(0Y, Vgox0V')) —
) +9(T(0Z,Vssx0W), T(aY, 6V)).
= 9((VpoxT) (Y, 0W), T(0Z,0V)) + g(T (oY, 0W), (VoxT)(0Z,0V)) —
—9((VpoxT)(0Z,0W), T(0Y, @V)) 9(T(0Z,0W), (VexT)(0Y, 0V)).
= 20,(0X)S(aY, 02,0V, oW ) =: (6 X)S (Y, 6 Z, 8V, sW).

—g(T(0Y, VexoW), T (02, 0V

Hence, the result follows. [

Corollary 3.19. In the course of the proof of Theorem BIS, we have shown that
(Equations (3.7) and (B)) :

(a) (VayoxT)(0Y,0Z7) = (VWYT) (6X,0Z),
(b) S(0X,0Y,0Z,6W) = g(T(6X,0W),T(6Y,062)) — g(T(sY,6W),T(6X,0Z7)).

Corollary 3.20. Let (M, L) be a Cy-like Finsler manifold. Then the the v-curvature
tensor S vanishes.

Proof. Substituting T'(sX,0Y) =
get the result. [

Corollary 3.21. Let (M, L) be a C-reducible manifold. Then,

C(aC ;C(0X)C(0Y)oC in Corollary BI(b), we

(a) the v-curvature tensor S has the form

1
S(0X,0Y,0Z,0W) = = 1>2{02h(@X, WY, 067) — C*R(aY, W) (s X, 67) +

+h(s X, sW)C(8Y)C(0Z) + h(0Y,06Z)C (6 X)C(6W) —
—h(eY, oW )C (6 X)C(0Z) — MoX,0Z)C(aY)C(sW)}.
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(b) the vertical Ricc tensor Ric’ has the form

(3—n)
(n+1)2

(n—1)

et or) = CERE

C(6X)C(aY) — C?*h(6X,0Y).

(c) the vertical scalar curvature Sc* has the form

v_(2_n) 2
o¢ _(n+1)C

Theorem 3.22. A Finsler manifold (M, L) is P-Symmetric if, and only if, the
v-curvature tensor S satisfies the equation V ggS = 0.

Proof. One can show that: For all X\Y, 7 € X(TM),
Sxyz{V/K(X,Y) - KX, V)V, - K([X,Y],Z)} =0. (3.9)
Setting X = v¢X,Y = y¢gY and Z = g7 in the above equation, we get

Vis2S(0X,0Y)oW + V. gy P(0Z, 6 X )oW — V,,x P(0Z,0Y )oW —
—S(0X,0Y )Vez0W + P(0Z,0Y )V ox oW — P(6Z,6X )V 5y oW —
—K([yeX,v0Y], BoZ)oW — K([y0Y, BoZ], 70 X)W — K([B0Z, y70.X], y0Y)oW = 0.

By using Lemma [3.T15] the above relation reduces to

(Voz9) (90X, 0Y,6W) + (Vooy P)(0Z, 60X, 6W) — (V,ux P)(0Z, 0Y, W)+
+S(P(0Z,0Y Yo, 6 X oW — S(P(0Z,0X)on, oY oW + (3.10)
+P(T(¢Y,02),0X)oW — P(T(0X,0Z),0Y )W = 0.

Setting 67 = ¢n in the above equation, taking into account Lemma [B.1] and the fact
that T'(¢X, ¢n) = 0 and that (V,,xP)(on,0Y,02) = —P(¢X,0Y )0 Z, we get

P(oX,0Y)0Z = P(0Y,0X)0Z — (VenS)(0X,0Y,07). (3.11)
The result follows immediately from (B11). O

According to ([BI0) and Lemma B.1] we have:

Corollary 3.23. Let P(6X,0Y) := P(6X,0Y)on and T(6X,0Y) := (VgenT) (06X, 0Y).
Then the mw-tensor fields P and T are symmetric.

Theorem B.I8 and Theorem [3.22] give rise the following result.

Theorem 3.24. Assume that a Finsler manifold (M, L) is C"-recurrent and P-
symmetric. If 0(on) # 0, then the v-curvature tensor S vanishes identically.

Now, we shall prove the following lemma which provides some important and
useful properties of the torsion tensor 7" and the v-curvature S':

Lemma 3.25. For every ¢X,0Y, 07 and oW € X(w(M)), we have
(a) T(0X,0Y) =T(sY,0X),

(b) T(en,0X) =0,

(¢) GuxovezS(9X,0Y )07 =0,
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(d) g(S(eX,0Y)0Z,0W) = g(S(6Z,6W)sX,0Y),
(e) S(on,8X)eY = 0= S(0X,0n)oY,
(f) (VyoxS)(on,0Y)0Z = —S(0X,0Y)0Z, (V,exS)(on,0X)on =0 .

(8) S(0X,0Y)0Z = —H{(D 1)V Z) — (D T)(X.2)}. -
Consequently, S vanishes if and only if (D xT)(Y,Z)= (D yT)(X,Z2).
Proof.
(a) From Corollary B.19(a), we have
(VaoxT)(0Y,02) = (Vooy T)(0X, 02).

Setting ¢Z = ¢n and using the fact that T'(¢.X,on) = 0 and that Koy = idx@(m)),
the result follows.

(b) Follows from (a) together with the relation T'(¢X, on) = 0.
(c) Setting X = v¢X, Y = oY and Z = y¢Z in (B9) and using Lemma B.I5 we
get

Sox,0v,02(Vaox S)(0Y,0Z, 6W) = 0.

Again, setting oW = ¢n in the above equation and using the fact that S(oX, oY )on =
0 and that K o7 = idx(x(a)), the result follows.

(d) Follows from Corollary B.I9(b), noting that 7" is symmetric.
(e) and (f) are clear.
(g) From the relation D, oY =V x0Y —T(6X,0Y) [27], we get

(D xT)(0Y,0Z) = (V. xT)(0Y,02)=T(0X,T(0Y,02))+T(T (6 X, 0Y),02)+T (Y, T(0X,07)),

(D yT)(0X,0Z) = (V. 3T)(0X,02)=T(oY,T(6X,6Z))+T(T(sY,0X),0Z)+T (6 X, T(0Y,062)).

The result follows from the above two equations, using Corollary [3.19 and the sym-
metry of T'. [

As a direct consequence of the above lemma, we have the

Corollary 3.26. A P,-like Finsler manifold is P-symmetric.

Proposition 3.27. Assume that (M, L) is C”-recurrent. Then, the v-curvature ten-
sor S is v-recurrent: V.,xS = V(pX)S, ¥ being a (1)m-form. Consequently, S
vanishes identically.

Proof. Taking the v-covariant derivative of both sides of the relation in Corollary

B.I9(b) and, then, using the assumption that V_ 5T = \o(X)T', we get
(VyexS)(0Y,0Z,0V,0W) = 2X,(0X)S(0Y,0Z,0V,0W) =: (06X )S(0Y,0Z,0V,0W),

which shows that S is v-recurrent.
Now, setting ¢V = ¢gn in the last equation, using the properties of S and noting
that K oy = idx(x(umr)), we conclude that S =0. [

The following result gives a characterization of Riemannian manifolds in terms
of C-recurrence and C%-recurrence.

Theorem 3.28.
16



(a) A C-recurrent Finsler manifold is Riemannian,

(b) A C°-recurrent Finsler manifold is Riemannian.

Proof. (a) Since (M, L) is C*-recurrent, then (V. xT)(Y, Z) = X\(X)T (Y, Z), from
which, by setting ¢ X = ¢n and noting that V., T = —T', we get

T(Y,Z) = -\@T(Y, 2). (3.12)

But since (V.,,xT)(0Y, 0Z) = (V,oy T) (90X, 0Z) (Corollary B19)), then A\, (0 X )T (oY, 0Z) =
Ao(0Y )T (0X,07). Hence,

No(MT(Y,Z) = 0. (3.13)
Then, the result follows from ([BI2) and (B.I3).
(b) can be proved similarly. [J

Theorem 3.29. For a Finsler manifold (M, L), the following assertions are
equivalent:

(a) (M, L) is SU-recurrent.

(b) The v-curvature tensor S vanishes identically.

(c) (M, L) is SY-recurrent of the second order.

Proof.

(a) = (b): If (M, L) is S"-recurrent, then by Definition 27(a) we have
(Voo S)(0X,0Y,02) = NoW)S(sY, 0X )0 Z,

from which, by setting 0Z = ¢n, taking into account the fact that S(¢X, oY )on =0
and that Koy = id-1(rap), the result follows.

(b) = (a): Trivial.

(b) = (c): Trivial.

(c) = (b): If the given manifold (M, L) is S*-recurrent of the second order, then
by Definition 27(b) we get

00X, 0Y)S(0Z,0V)oW = (VV S)(0Y,0X,0Z, 0V, 0 W)
= VVQY(VWQXS>(¢Z7 oV, oW) — (VVVWYQXS) (07, 0V, 0W)—
—(Vaox S)(Vaoy 02,0V, 6W) — (VxS (82, Vv oV, oW ) —
_(VWXS) (@Z> QVa VWJY@W)-

By substituting 62 = ¢n = ¢W in the above equation and using Lemma [3.25] and the
fact that S(0X,0Y )on =0, we get

S(eX,0Y)oZ = =S(0Z,0Y )0 X and S(0X,0Y)oZ = —S(0X,07)0Y.

From this, together with the identity G,x 4v,25(0X,0Y)6Z = 0, the v-curvature
tensor S vanishes identically. [

In view of the above theorem we have:
Corollary 3.30.
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(a) An SY-recurrent (resp. a second order S”-recurrent) manifold (M, L) is Ss-like,
provided that dim M > 4.

(b) An SY-recurrent (resp. a second order S-recurrent) manifold (M, L) is Sy-like,
provided that dim M > 5.

Theorem 3.31. If (M, L) is a Py-like Finsler manifold, then the v-curvature tensor
S wvanishes or the hv-curvature tensor P vanishes. In the later case, the h-covariant
deriwative of S vanishes.

Proof. As (M, L)is Py-like, then P(X,Y ,7,6W) = a(M)T(X,Y,6W) =: a,T(X,Y,sW)
and hence R L
P(oX,0Y) = a,T(X,Y). (3.14)

Now, setting W = gn into (B10), we get

(Vaoy P)(0Z,0X) = (Vyox P)(6Z,0Y) = P(0Z,0X)0Y + P(6Z,0Y )0 X —
P(T(@X 0Z),0Y) + P(T(@Y, 07),0X)=0.

Hence,

9(Vaor P)(02,0X),0W) = g((V4ox P)(0Z,0Y),0W) — P(6Z, 0X,0Y. oW )+
+P(0Z,0Y,0X,0W) — g(P(T(0X,02),0Y),0W) + g(P(T(0Y,02),0X), W) = 0.

From which, together with (314 and Definition 210} taking into account the relation
(Vasy P)(0Z,0X) = (Vagyao)T(0Z,0X) + ao(V,eyT)(0Z, 06X ), we obtain

9I(Vaorao)T(0Z, 0X) + ao(Vaoy T) (02, 0X ), 6W) — g((Voox o) T(0Z, 0Y )+
+0o(VaoxT)(0Z,0Y), 0W) + a(X)T(Z,Y ,0W) — (W) T(Z,0Y, X) — a(Y)T
+a(W)T(X,0Y,Z) — g(a,T(T(6X,02),8Y),sW) + g(a,T(T(sY,067),6X),

Therefore, using Corollary [3.19]
(Vaay @) (on)T(0X, 02, 0W) — (Vyaxa)(0n)T(0Y, 02, 0W) = aoS(0X, oY, oW, 02).

It is to be observed that the left-hand side of the above equation is symmetric in
the arguments ¢ and gW while the right-hand side is skew-symmetric in the same
arguments. Hence we have

(Z, 7 oW)
oW) =

a,S(0X,0Y,0W,07Z) = 0, (3.15)

e(@Y)T (06X, 02, 0W) — (0 X)T(0Y,0Z,0W) = 0, (3.16)
where ¢ is the 7-form defined by (oY) := (V 4y ) (on).
Now, If € # 0, it follows from (B.10) that there exists a scalar function Y such that
T(0X,0Y,0Z) = Ye(0X)e(0Y)e(0Z). Consequently, T(0X,0Y) = Te(oX)e(aY)oe,
where g(¢e,0X) := £(¢X). From which

S(6X,0Y,6Z,6W) = g(T(6X,6W), T(sY,6Z)) — g(T(sY,sW), T(6X,0Z))
= Te(0X)e(0Y)e(02)e(oW)g(oe, oe) — T e(0X)e(0Y )e(02)e(0W)g(0e, ve)

On the other hand, if the v-curvature tensor S # 0, then it follows from (B.I5)
that e = 0 and a(¢n) = 0. Hence, o = 0 and the hv-curvature tensor P vanishes. In
this case, it follows from the identity (B.I0) that Vg,xS =0. O
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Proposition 3.32. A Py-like Finsler manifold (M, L) is a P*-Finsler manifold.

Proof. As (M, L) is Py-like, then from ([BI4), we have P(X,Y) = o, T(X,Y). Using

LemmalB.1] we get (Vg,1)(0X,0Y) = agT'(9X, ¢Y'), from which, by taking the trace,

V3enC = a1, where o = %. Hence the result. [

The next definition will be useful in the sequel.

Definition 3.33. A w-tensor field © is positively homogenous of degree r in the
directional argument y (symbolically, h(r)) if it satisfies the condition

Vyiy©®=1r0, or D;;©=1r0.
Lemma 3.34. Let (M, L) be a Finsler manifold, then we have
(a) The Finsler metric g (the angular metric tensor h) is homogenous of degree 0,
(b) The v-curvature tensor S is homogenous of degree —2,
(c) The hv-curvature tensor P is homogenous of degree —1,
(d) The h-curvature tensor R is homogenous of degree 0,
(e) The (h)hv-torsion tensor T is homogenous of degree —1,
(f) The (v)hv-torsion tensor P is homogenous of degree 0,
(g) The (v)h-torsion tensor R is homogenous of degree 1.

Lemma 3.35. For every vector (1)m-form A, we have

(VY A)(6X,0Y,67) — (VY A)(0Y,0X,02) = A(R(6X,8Y)0Z) — R(6X,0Y)A(0Z)+
+(v«,§(¢x,¢y)A)(¢Z)-

Deicke theorem [4] can be formulated globally as follows:

Lemma 3.36. Let (M,L) be a Finsler manifold. The following assertions are
equivalent:

(a) (M, L) is Riemannian,
(b) The (h)hv-torsion tensor T vanishes,
(c) The m-form C' vanishes.

Theorem 3.37. Let (M, L) be Finsler manifold which is h-isotropic (of scalar ko)
and C"-recurrent (of recurrence vector X\o). Then, (M, L) is necessarily one of the
following:

(a) A Riemannian manifold of constant curvature,
(b) A Finsler manifold of dimension 2,
(c) A Finsler manifold of dimensions n > 3 with vanishing scalar ko and

(vﬁciX)‘o> (QY) = (VﬁwY)\o)(@X>'
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Proof. For a C"-recurrent manifold, one can easily show that

(VV T)(0X, 0Y,0Z,0W) — (VY T)(0Y,0X, 07, 6W) =
= {(Vsx20)(0Y) — (Voy Xo) (0 X )} T (02, 6W) =2 W(0X, oY) T (62, 6WV).

From which, taking into account Lemma [3.35], we obtain
U(pX,0Y )T (0Z,0W) = T(R(0X,0Y)oZ,0W )+ T(0Z, R(6 X, 0Y )W )—
—R(0X,0Y)T(0Z,0W) + (V. gox ovy L) (0Z, 6W).

Now, as (M, L) is h-isotropic of scalar kg, then the h-curvature tensor R has the form
R(0X,0Y)0Z = ko{g(0X,02)0Y — g(0Y,0Z)0X}; (n = 3).
From the above two equations, we get

U(oX,oY)T(0Z,0W) = kog(0X,02)T (oY, 0W) — kog(0Y,02)T (6 X, 0W) + kog(0 X, oW )T (0Z,0Y)—
—kog(0Y, oW )T (02, 0X) — kog(0X,T(0Z,0W))oY + kog(eY, T (0Z,0W))o X
+kog(6X,0n)(Vaoy T) (82, 0W) — kog(aY, @n)(waTe §@127,)@W).

Setting ¢Y = g, noting that 7" is h(—1) and g(¢n,on) = L?, we get

V(g X, 0n)T (07, 6W) = —kog(on, 8 Z)T (06X, 6W) — kog(on, sW)T (67, 6X) — kT (X, 07, 6W )an —
—kog(0X,0n)T(0Z,0W) — koL*(V1uxT)(0Z, 0W).

From which, we have

g(oY,on) ¥ (06X, 0n)T(6Z,0W) = —kog(aY, on)g(on, 0 2)T (0X, 6W) — kog(0Y, on)g(on, oW )T (02,6 X )—
—kog(oY, on)T (06X, 0Z, oW )on — kog(oY, 0n)g(0 X, on)T (0 Z, oW)—

—koL?g(6Y,on)(VexT) (8 Z, W),

whereas

90X, on)V (oY, 0n)T (0 Z,0W) = —kog(0X,0n)g(0n,0Z)T (0Y,0W) — kog(0X, 0n)g(on, oW )T (0 Z, 0Y ) —
—kog(0X,on)T (oY, 0Z,0W )on — kog(0X, 0n)g(0Y, on)T (0 Z, oW )—
—koL?g(6X,0n)(Voy T)(0Z, 6W).

Now, from [BI7), (3I8) and (B319), we obtain

T(0Z, oW ){L*W(0X,0Y) — g(0Y, 0n)¥ (06X, 0n) + g(0X, 0n) ¥ (sY, 0n)} =
= Sy oy ko L*{A(0X,062)T(0Y, W) + h(0 X, sW)T(0Y, 62) — ¢(6Y) T(6X,0Z,6W)}.

(3.19)

Taking the trace of both sides of the above equation, we get

C(oZ){L?V(6X,0Y) — g(oY,0n) V(0 X,0n) + g(0X, 0n)¥(aY,0n)} =

= 2k L*{R(0X,0Z)C(0Y) — h(0Y,0Z)C(0X)}. (3.20)

Setting 07 = ¢C, taking into account the fact that h(pX,0C) = C(pX), the above
equation reduces to

CeC{L*V(0X,0Y) — g(0Y,0n)¥(0X,0n) + g(0X, 0n)¥(sY, 0n)} = 0.
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Now, if C(¢C') = g(oC,¢C) = 0, then ¢C' = 0 and so C' = 0. Consequently, by
Lemma [B.36] (M, L) is a Riemannian manifold of constant curvature.
On the other hand, if (M, L) is not Riemannian, then we have

L*W(0X,0Y) — (oY, 0n)¥(0X, 0n) + g(0X, 0m) ¥ (aY, o) = 0.
From which, together with (3:20), we get
ko {h(6X, 02)C(0Y) — h(8Y,67)C(6X)} = 0. (3.21)

If kg # 0, then, by B21]), A(0X,02)C(sY) = h(oY,07)C(pX). Setting oY = oC,
we get ii(0X,07) = 2 C(¢6X)C(9Z), which implies that dim M = 2.

If kp = 0, then R = 0 and (B.I7) yields ¥(¢X,0Y) = 0, which means that
(Viax o) (0Y) = (Vay Ao)(0X). O

Now, we focus our attention to the interesting case (c¢) of the above theorem. In

this case, the h-curvature tensor R = 0 and hence the (v)h-torsion tensor R =0.
Therefore, the equation (deduced from (B.9]))

(Vaox R)(0Y,0Z,0W) + (Voy P)(0Z,0X,0W) — (Vo2 P) (0Y, 06X, 6W)—
—P(oZ, P(oY,0X)on)oW + R(T(0X,0Y),0Z)oW — S(R(sY, 6Z)on, 6 X oW+
+P(aY, P(6Z,0X)on)oW — R(T(0X,07),0Y )W = 0.

reduces to

(Vey P)(0Z,0X,0W) — (Va2 P)(0Y, 06X, 6W )—
—P(0Z, P(oY,0X))oW + P(¢Y, P(0Z,0X))oW = 0.

Setting ¢W = ¢n, we get

(Vs P) (67, 0X) — (Vo2 P)(9Y, 0X) — P(0Z, P(0Y,06X)) + P(oY, P(0Z, @)(()) :)0.
3.22
Since (M, L) is C"-recurrent, then, by Proposition BIT, the (v)hv-torsion tensor
P satisfies the relations (VzP)(0X,0Y) = (K,\(0Z) + VezK,)T(9X,0Y) and
P(6X,0Y) = \(on)T(6X,0Y) = K,T(6X,0Y). From these, together with (322),
we get

(Ko)o(0Y) 4+ Vioy Ko)T(0Z,0X ) — (Koo (02Z) + Vo2 K,)T (90X, 0Y)—
—K2T(0Z,T(0X,0Y)) + K2T'(0Y,T(0X,0Z)) = 0.

Hence, by Corollary 3.19,
K2S(0Y,0Z,0X,6W) = Uy 5z{ (KXo (0Y) + Voy Ko) T (6X,0Z,6W)}.

As S(oY,0Z,0X,0W) is skew-symmetric in the arguments ¢ X and ¢W while the
right-hand side is symmetric in the same arguments, we obtain

K2S(0Y,0Z,06X,0W) = 0, (3.23)
Uy oz { (KoAo(0Y) + Ve K,)T(0Z, 0X,6W)} = 0. (3.24)
It follows from (B.23) and () that
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P(oX,0Y,0Z,0W) = X\ (02)T (0 X, 0Y, sW) — X\ (06W)T (0 X, 0Y, 0 7).

On the other hand, if K, # 0, then the v-curvature tensor S vanishes from (B.23)).

Next, it is seen from ([B.24)) that, if V(aY) := K,\,(0Y) + Vaey K, # 0, then there
T(0X,0Z,oW)T(6X,0Y,0Z)T (0Y,0Z,6W) such that
(T(sX,8Y,6W))2(V(8Z2))3

exists a scalar function T =
T(0X,0Y,0W) =T V(X)V(sY)V(aW).

Summing up, we have

Theorem 3.38. Let (M, L) be a Finsler manifold of dimensionsn > 3. If (M, L) is
h-isotropic and C"-recurrent, then

(a) the recurrence vector A, satisfies: (VgaxAo)(0Y) = (Vagy o) (6X),
(b) the h-curvature tensor R = 0 and the (v)h-torsion tensor R = 0,

(c) the hv-curvature tensor P has the property that
P(¢X,0Y,0Z,0W) = \(02)T (6 X, 0Y, W) — X\, (6W)T (0 X, 0Y,0Z),
(d) the (v)hv-torsion tensor P(6X,0Y) = K, T(6X,0Y).
Moreover, if K, # 0, then

(e) the v-curvature tensor S vanishes,
(f) the (h)hv-torsion tensor T satisfies: T(0X,0Y,0W) =T V(s X)V(sY)V(sW).

By Definition 2,10 and Theorem [3.38 we immediately have:

Corollary 3.39. A Finsler manifold (M, L) of dimension n > 3 which is h-isotropic
and C"-recurrent is necessarily Ps-like.

Now, we define an operator P which aids us to investigate the R3-like manifolds.
Definition 3.40.

(a) If w is a w-tensor field of type (1,p), then P -w is a w-tensor field of the same
type defined by:

(]P) ' w)(QXla sy Q)Xp) = ¢(W(¢(QX1), ) QS(QXP)))a
where ¢ is the vector w-form defined by ([B.1).

(b) If w is a w-tensor field of type (0,p), then P - w is a w-tensor field of the same
type defined by:
(P-w)(0Xy,...,0Xp) == w(@(6X1), ..., 0(6X))).

Remark 3.41. Since ¢(¢p(0X)) = ¢(0X) for every X € X(n(M)) (Lemma B.2),
then the operator P is a projector (i.e. P- (P-w) =P-w).

Definition 3.42. A w-tensor field w is said to be indicatory if it satisfies the
condition: P-w = w.

The following result gives a characterization of the indicatory property for certain
types of m-tensor fields:

Lemma 3.43.
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(a) A wvector (2) m-form w is indicatory if, and only if, w(eX,0n) = 0 = w(en, 6X)
and g(w(oX,0Y),0n) = 0.

(b) A scaler (2) w-form w is indicatory if, and only if, w(6X,0n) = 0 = w(on, 6X).

Proof.
(a) Let w be a vector (2) w-form. By Definition B.40(a) and taking into account (B.),
we get
(P-w)(0X,0Y) = ¢(w((0X), ¢(0Y)))
= ¢{w(eX — LY (0 X )on, oY — L~ (oY )on)}
= ¢p{w(eX,0Y) — L YU (sY )w(0 X, on)—
—L7 (e X)w(on, oY) + L2 (0 X)l(0Y )w(en, on) }
= w(0X,0Y) — L7?g(w(0X,0Y), on)on — ¢{ L™ (oY )w(0.X, o)+
+L7H(eX)w(on, 0Y) — L™(0X)L(0Y )w(en, on)}
(3.25)

Now, if w(eX,0n) =0 = w(on,0X) and g(w(6X,0Y),on) = 0, then ([B.27]) implies
that (P-w)(0X,0Y) = w(eX,¢Y) and hence w is indicatory.

On the other hand, if w is indicatory, then w(sX,0Y) = ¢(w(P(0X), H(0Y))).
From which, setting 0 X = ¢n (resp. ¢Y = on) and taking into account the fact that
¢(on) = 0 (Lemma B.2)), we get w(on, oY) =0 (resp. w(¢X,on) = 0). From this, to-
gether with (P-w)(¢X,0Y) = w(sX, ¢Y), Equation (3.25) implies that L™2g(w (06X, 8Y), on)on =
0. Consequently, g(w(oX,0Y),0n) = 0.

(b) The proof is similar to that of (a) and we omit it. [

Proposition 3.44. For a Finsler manifold (M, L), the following tensors are
indicatory:

(a) The m-tensor field ¢,

(b) The mized torsion tensor T,
(c) The v-curvature tensor S,
(d) The angular metric tensor h,

(e) The w-tensor field P -w for every w-tensor field w.
Now, we define the following m-tensor fields:
- . [, ch *’*
F: F(X,Y):= 5{Rid"(X,Y) - 25450},
FO: ( ( )7 ) _F(@X7@Y)7
F o F(eX) = F(on, 0X),
FP: F*(0X) = F(oX, 0n),
m: m(eX,0Y):= (P F)(oX,aY),
m(
! )

\

my : gmo(QX) 3_/)

(
a: a(pX):= L NP F9)(sX), (3.26)
oa : g(@a, ) a(Q)X),
b: beX):=L'(P-F)(sX),
ob: g(ob,0 )—b(¢X)
c: c:=L72F(on,on),
R: R(sX,0Y) := R(sX, oY )on,
H: H(o ) R(on,0X)on = R(on,0X).
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Remark 3.45. One can show that m, m,, a and b are indicatory and H(on) = 0.

Proposition 3.46. If (M, L) is an R3-like Finsler manifold, then the w-tensor field
F can be written in the form

F(oX,0Y) = m(0X,0Y) + (6 X)a(0Y) + £(0Y)b(0X) + cl(oX)l(sY).  (3.27)

Proof. The proof follows from Definitions .14l and B:40(b), taking into account
Equations ([B1) and (32G). In more details:

(P F)(0X,0Y) = F($(6X), p(8Y))
(0X — L7 Y (e X)on, sY — L~ (sY )on)
(6X,0Y) — LU (aY)F (6 X, 0n)—
—L7YU(oX)F(om, oY) + L2U(0 X )l(0Y) F (01, 01)
= F(0X,0Y) = L™Y(oY ){(P- F*)(0X) + L™ (0 X) F (o, 0n) } —
—L (o X){(P- F)(¢Y) + L~ Y (sY)F (onon)} + L=20(s X )(aY ) F (g1, on)
= F(pX,0Y) — l(6X)a(sY) — L(aY)b(6X) — cl(oX)l(sY). O

=F
=F

Remark 3.47. One can show that the w-tensor fields a and b satisfy the following

relations FY¢X) = L{a(oX) + cl(sX)},
F(oX) = L{b(6X) + cl(0X)}.

(3.28)
Proposition 3.48. In an Rs3-like Finsler manifold (M, L), we have:

(a) R(oX,0Y)oZ = g(0X,0Z)F(0Y)+F(0X,02)0Y —g(0Y,02) Fo(0 X )—F (oY, 0Z)0X.
(b) R(6X,0Y) = g(6X,0n)F,(0Y )+ F(6X,0n)0Y — g(6Y, on)F,(6X) — F(0Y, on)0 X .
(c) H(oY) = L*F,(0Y) + c L*0Y — g(oY, 0n)Fy(on) — F(sY, on)on.

(d) Fo(0X) = moe(0X) + dal(pX) + L™ (06X )on + ¢ L~H(0.X )on.

Consequently,

(e) R(0X,0Y) = L{l(6X)(mo(8Y) + cd(oY)) + b(6X )d(sY)}—
— L{l(0Y)(mo(0X) + ¢ 9(0X)) + b(0Y )p(0.X) }.

(f) H(oY) = L*{m,(0Y) + c (oY)}

Proof.

(a) Since (M, L) is an Rs-like manifold, then by Definition 2.14] we have

From which, using the fact that g(F,(0X),0Y) = F(sX,0Y) and that the Finsler
metric g is non-degenerate, the result follows.

(b) Follows from (a) by setting 62 = on.

(c) Follows from (b) by setting ¢.X = on.
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(d) By (827) and B.20), we get

9(Fo(0X),0Y) = g(mo(0X),0Y)+g(0a, oY) (0 X)+L'b(0.X )g(on, oY )+c L~ (06X )g(on, 0Y).
Hence, the result follows, from the non-degeneracy of g.

(e) Follows by substituting F,(¢X) (from (d)) and F*(¢X) (from [32])) into (b).

(f) Follows from (e) by setting ¢X = ¢n, taking into account Remark and the
fact that ¢(gn) = L. O

Remark 3.49. In view of (3208) and LemmaB.2, Definition2ZI3(a) can be reformu-
lated as follows:

A Finsler manifold (M, L) is of scaler curvature if the mw-tensor field H satisfies the
relation H(0X) = L?k ¢(0X), where k is a scalar function on T M.

Definition 3.50. A Finsler manifold (M, L) is said to be of perpendicular scalar
(or of p-scalar) curvature if the h-curvature tensor R satisfies the condition

(P- R)(0X,0Y,0Z,6W) = R, {h(0X,0Z)h(aY, W) — h(oX,sW)h(aY,06Z)}, (3.29)
where R, is a function called the perpendicular scalar curvature.

Definition 3.51. A Finsler manifold (M, L) is said to be of s-ps curvature if (M, L)
is both of scalar curvature and of p-scalar curvature.

Proposition 3.52. If m,(0X) = t¢(0X), then an Rs-like Finsler manifold is a
Finsler manifold of s-ps curvature.

Proof. Under the given assumption and taking into account Proposition B.48](f), we

have
H(pX) = L%qﬁ(@X), with kK =t + c.

Thus, the considered manifold is of scalar curvature.
Now, we prove that the given manifold is of p-scalar curvature. Applying the
projection P on the h-curvature tensor R of an R3-like manifold, we get
(P- R)(0X,0Y,0Z,0W) = R(¢(6X),d(0Y), p(6Z), p(sW))
= 9(0(0X), 9(02))(P - F)(0Y,0W) + g(¢(2Y ), p(oW))(P - F)(0X, 02)—
—9(0(0Y), p(02))(P - F)(0X,0W) — g(¢(0X), p(oW))(P - F) (oY, 0Z)
= 9(¢(0X), 6(02))m (oY, 0W) + g(d(0Y), 9(6W))m(0X, 0Z)—
—9(0(0Y), 0(02))m(0X, 0W) — g(6(0X), ¢>(¢W))m(<¢Y, c;Z )-
3.30

Since
9(9(6X),0(0Y)) = g(¢(0X),0Y — L™ U(0Y )on) = g((0X),0Y) — L™ (0Y )g(¢(6X), 0n)
= WoX,0Y) — L (oY )h(0X,0n) = h(sX,aY),

then, by using again the given assumption (m, = t ¢ = m = th), Equation (3.30)
reduces to

(P- R)(0X,0Y,0Z,6W) = hoX,0Z)m(sY, oW ) + (Y, 6W )m(sX,02) —
—h(eY,6Z)m(oX, W) — h(o X, sW)m(eY,02)
= 2t{(0X, 6 Z)(aY, oW ) — WY, 0Z)h(s X, oW )}.
Therefore, by taking R, = 2t, we have
(P R)(0X,0Y,0Z,0W) = R,{h(0X,0Z)h(aY, oW ) — h(aY,0Z)h(o X, oW )}.

Consequently, the given manifold is of p-scalar curvature. [J
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Theorem 3.53. If an Rs-like Finsler manifold (M, L) is of p-scalar curvature, then
it is of s-ps curvature.

Proof. Since the considered manifold is Rs3-like, then, by the same procedure as in
the proof of Proposition B.52, we have
(P- R)(0X,0Y,0Z,0W) = h(oX,06Z)m (oY, W) + h(aY, 6W)m(sX,0Z)—

—h(oY,02)m(0X,0W) — h(oX, oW )m(oY,02). 2D

On the other hand, since the considered manifold is of p-scalar curvature, then the
h-curvature tensor satisfies

(P- R)(0X,0Y,0Z,0W) = R,{h(0X,0Z)h(oY, oW ) — h(oY,0Z)h(oX,sW)}. (3.32)
Now, from Equations (3.31]) and (3.32)), we obtain
Usx oy { RoP(0 X, 02)h(0Y, oW) — h(0 X, 0 Z)m(oY, oW ) — h(oY, oW )m(sX,0Z)} = 0.
Using ([B26) and the non-degeneracy of the metric tensor g, the above equation
reduces to

Upxov {R(0X,02)p(0Y ) — M0 X,0Z)mo(0Y ) — m(0X,0Z)p(0Y)} = 0. (3.33)

Since the w-tensor fields ¢, m and m, are indicatory, then
Tr{oY r— (0X,0Y)d(02)} = g(0X, d(02)) = h(0X, 02),
Tr{eY — h(oX, oY )m,(02)} = m(oX,02),
Tr{eY — m(oX,0Y)o(02)} = m(6X,07).
Consequently, if we take the trace of both sides of Equation ([3.33), making use of
Lemma 343 we get

(n —2)R,h(0X,0Z) — (n —3)m(0X,06Z) — (n — 1)t k(e X,0Z) =0,
where ¢ := - Tr(m,). From which, using (3.26) and Lemma B2, we get
(n—=2)R,¢p — (n—3)m, — (n— 1)t = 0. (3.34)
Again, taking the trace of the above equation, we obtain
(n—1)(n—2)(R, —2t) =0.
Substituting the above relation into ([B.34]), we get m, = t ¢. Hence, by Proposition
B52 the result follows. [

Theorem 3.54. If an Rs-like Finsler manifold (M, L) is of scalar curvature, then it
is of s-ps curvature.

Proof. Since the given manifold is Rs-like, then the w-tensor H is given by (cf.
Proposition [3.48):

H(6X) = L*{my(6X) + co(sX)}. (3.35)
And since the considered manifold is of scalar curvature, then
H(6X) = L?kp(0X). (3.36)

From Equations ([3.35) and (3.36]), we deduce that m,(6X) = (k—c)p(aX) =: t¢(6X).
Hence, by Proposition B.52] the result follows. [J

Now, let us define the m-tensor field

U(oX,0Y,0Z,0W) = R(0X,0Y,0Z,0W) — —Sil,x oy {9(0X, 0Z) Ric" (oY, oW )+
+9(8Y, sW)Ric"(6X,07) — rg(6X,6Z)g(aY, s W)},
(3.37)

where r = —L- S¢". From Definition 214 and (B3:37), we immediately obtain
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Theorem 3.55. An R3-like Finsler manifold is characterized by
U(oX,0Y,0Z,0W) = 0.

The tensor field ¥ in the above theorem being of the same form as the Weyl
conformal tensor in Riemannian geometry, we draw the following

Theorem 3.56. An R3-like Riemannian manifold is conformally flat.

Remark 3.57. It should be noted that some important results of [8], [9], [I1], [13],
[19], [20],...,etc. (obtained in local coordinates) are retrieved from the above mentioned
global results (when localized).
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Appendix. Local formulae

For the sake of completeness, we present in this appendix a brief and concise
survey of the local expressions of some important geometric objects and the local
definitions of the special Finsler manifolds treated in the paper.

Let (U, (2")) be a system of local coordinates on M and (7 '(U), (z",y")) the
associated system of local coordinates on T'M. We use the following notations:
(&-) := (52): the natural basis of T,M, z € M,

;) = ( yl). the natural basis of V,(TM), u € T M,

(@
(0,, d;): the natural basis of T, (7 M),
(90;): the natural basis of the fiber over u in 7= 1(T'M) (¢0; is the lift of 9; at u).

To a Finsler manifold (M, L), we associate the geometric objects :
Gij = %&-@LQ = 818]E the Finsler metric tensor,
Ciji == 1 8k gij: the Cartan tensor,
hij = g,] 0:4; (¢; == OL/dy"): the angular metric tensor,
G": the components of the canonical spray,
Gy = 0G",
Gh - OJG? - @-&-Gh,
(8;) == (9; — G"dy): the basis of H,(T M) adapted to G,
(8;,0;): the basis of T,,(TM) = H,(TM) & V,(T M) adapted to G

’7(@8@) = 827 .

p(az) = Qaw p(az) = 07 p(51> = Qazv

B(00;) —‘51', . ‘

h = Bop = dx' ®8 Gld:)ﬂ@a v = vyoK = dy’ ®8+G2d9ﬂ®8

We define :
71}; = 1 hé(a g + a] Gie — aZ gz’j)a ]
Cl =3 ghf(aZ 9e; + 0; gie — Ou gij) = 29" 0, 950 = g"* Cije,
Fh : %9“(52' Gej + 65 Gie — 00 9i5) -
Then, we have:
e The canonical spray G: G" = 2 %J Yl
e The Barthel connection I': GI' = 9,G"" = Iy’ = Gly’
e The Cartan connection CT: ( T, G, C).
The associated h-covariant (resp. v- Covariant) derivative is denoted by 1 (resp. |),
where Ki = 6K+ KJ'T%, — Ki T and K|y, := 0K} + K"Cl — K}L,CT.

e The Berwald connection BT": ( GZ‘J, G", 0).
The associated h-covariant (resp. v-covariant) derivative is denoted by T(resp. ),
where K, = 0] + KJ'Ghy, — K, G and Ki|, = 8K
We also have Gh = Fh +Cj|ky = Fh + Ch
For the Cartan connectlon, we have : '
(v)h-torsion: RYy = 0pGY — 6;G = U {0x G},

(v)hv-torsion : ij = G;k — I = C;k\mym = Cyi'k|07

ook
15105 where C’]|O = C’mky .
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(h)hv-torsion: C%, = 1/2{g" )ik s
h-curvature: Rj . = ]k{ékfhj + I} — Ch R
hv-curvature: P = 0,1 — Cij + Chn P,
v-curvature: Sj . = CiiCl i — OOy = U {CHCyi b
For the Berwald connection, we have:
(v)h-torsion : Ry = 0rGl — ;G = Wi {0rGY},
h-curvature: R*) hik = ]k{ékGhj + GGl
hv-curvature: P, = 0kGhJ =: G-
In the following, we give the local definitions of the special Finsler spaces treated
in the paper. For each special Finsler space (M, L), we set its name, its defining
property and a selected reference in which the local definition is located:

e Rimaniann manifold 22]: g;;(z,y) = gij(z) < Cijp =0 <= C; :=Ck =0
(Deicke’s theorem [4]).

e Minkowaskian manifold [22]: g;;(z,y) = ¢;;(y) < C! ien =0 and Rl = 0.
e Berwald manifold [22]: T (z,y) = T'l4(z) (i.e. OpI' = 0) <= Chy=0.

o C'-recurrent manifold [I3]: Chijir = 1txChij
where p1; is a covariant vector field.

= Mz, y)Ch

e P*-Finsler manifold [7]: C 29\0 i

where \(z,y) = ng ; Pi=Pk = Cik|0 = Cjjp and C? = C;,C" # 0.

e ("-recurrent manifold [13]: k|l by Cjk or Cijkli = N Cijg-

*

o (C%recurrent manifold [13]: C%,|,= A\ C%, or Cijil,= N Cijie.
e Semi-C-reducible manifold (dim M > 3) [1§]:

Cijk = ——(h;Ch + hjsCi + i Cy) + = CiCiCy, C* £ 0,

(n +1) C

where p and 7 are scalar functions satisfying p + T=1

e (C-reducible manifold (dim M > 3) [15]: Cyjp = (hijCk + R Ci + By C;).

n—l—l
o (5-like manifold (dim M > 2) [I7]: Cyji = %CiCjCk, C? £0.

e quasi-C-reducible manifold (dim M > 3) [23]: Cjjx = A;;Cr + AjCi + A C,
where A;;(z,y) is a symmetric tensor field satisfying A;;y* = 0.

[ 53 like manifold (dlIIlM > 4) “6“ Slzyk = m{hlkhm hijhlk}a
where S is the vertical scalar curvature.

® S4—1ike manifold (dlmM > 5) I!Eﬂ S[Uk = hl] ik — hlkFu + thFlj h,]Flk,
where Fj; == —L{S;; — ] hij}; Si; being the vertical Ricci tensor.

e SY-recurrent manifold m, 10 Shijklm = AmShijis
where \;(z,y) is a covariant vector field.
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Second order SY-recurrent manifold [20], [IT]: Shijk|mln = OmnShijk
where O;;(z,y) is a covariant tensor field.

Landsberg manifold [7]: P]?jz‘ Yk =0+ (&F?k)yk =0+ C’Zhﬂkyk = 0.
General Landsberg manifold [10]: PJ;,y" = 0 <= Cjj, = 0.
P-symmetric manifold [19]: Pji = Prik;-

Py-like manifold (dim M > 3) [14]: Pyijr = anCijr — a;Chji,
where oy (x,y) is a covariant vector field.

P-reducible manifold (dim M > 3) [19]: P, = n%rl(hzj Py + hj Py + hyi Py),

where P, = ghiPﬁ.
h-isotropic manifold (dim M > 3) [I3]: Ruijk = ko{gnigix — 9nk9ij }
for some scalar k,, where Ry, = gﬂRﬁij.

Manifold of scalar curvature [21]: Rjjx y'y* = kL?hj,
for some function k : 7M — R .

Manifold of constant curvature [2I]: the function & in the above definition is
constant.

Manifold of perpendicular scalar (or of p-scalar ) curvature [§], [9]:
P - Ruiji == hj, B B By, Ry = Ro{ hirhing — hijhne},
where R, is a function called a perpendicular scalar curvature.

Manifold of s-ps curvature [§], [9]: (M, L) is both of scalar curvature and of
p-scalar curvature.

Rg-like manifold (dlmM Z 4) I!Sﬂ: ha’jk = gth’ik — ghkﬂj + githj — gz’ijka

1 1. V. p. .. ph 1 i
where I := —5{R;; — 57gi;}; Rij == Ry, =5 R
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